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Abstrat
We study the ZN ux tubes and monopole onnement in deformed N = 2∗ super
Yang-Mills theories. In order to do that we onsider an N = 4 super Yang-Mills theory
with an arbitrary gauge group G and add some N = 2, N = 1, and N = 0 deformation
terms. We analyze some possible vauum solutions and phases of the theory, depending
on the deformation terms whih are added. In the Coulomb phase for the N = 2∗ theory,
G is broken to U(1)r and the theory has monopole solutions. Then, by adding some
deformation terms, the theory passes to the Higgs or olor superonduting phase, in
whih G is broken to its enter CG. In this phase we onstrut the ZN ux tubes ansatz
and obtain the BPS string tension. We show that the monopole magneti uxes are
linear integer ombinations of the string uxes and therefore the monopoles an beome
onned. Then, we obtain a bound for the threshold length of the string breaking. We
also show the possible formation of a onning system with three dierent monopoles
for the SU(3) gauge group. Finally we show that the BPS string tensions of the theory
satisfy the Casimir saling law.
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1 Introdution
It has long been believed that partile onnement at the strong oupling regime should be
a phenomenon dual to monopole onnement in a (olor)superondutor in weak oupling.
Therefore, the study of monopole onnement in weak oupling may shed some light on partile
onnement and other phenomena in the dual onned theory. Sine dualities are better
understood for supersymmetri theories and, in partiular, for nite ones, it is interesting to
onsider the monopole onnement in these theories or deformations of them. Therefore in
the present work we study monopole onnement in an N = 2∗ super Yang-Mills theory with
the addition of some N = 1 or N = 0 deformation terms.
Sine the papers of Seiberg and Witten [1, 2℄, quite a lot work [4℄-[18℄ has been done
analyzing dierent aspets of onnement in supersymmetri theories. Usually, one starts
with a mirosopi N = 2 SU(N) super Yang-Mills (SYM) theory (with some possible matter
elds) and then obtains an eetive N = 2 U(1)N−1 SYM theory with an N = 1 deformation
term. In this theory, eah U(1) fator is broken to Z, resulting in (N − 1) innite towers
of Nielsen-Olesen ux tubes or strings, whih gives rise to onnement of Dira monopoles.
However, as was pointed out in [6℄, a similar phenomenon is not expeted to happen to quark
onnement in QCD. It is then believed that only some of these strings might be stable, whih
ould orrespond to ZN strings in the mirosopi theory.
On the other hand, in [10, 11℄ solitoni monopoles and Zk strings were obtained diretly
as solutions of the same theory with two gauge symmetry breakings. In order to do that, we
onsidered N = 2 super Yang-Mills theories with an arbitrary simple gauge group G, a massive
hypermultiplet, and an N = 0 deformation mass term. This hypermultiplet was onsidered to
be in the symmetri part of the tensor produt of k fundamental representations, with k ≥ 2.
We onsidered this theory in weak oupling and showed the existene of vauum solutions
whih produe the symmetry breaking
G → GS ≡ [G0 × U(1)]/Zl → Gφ ≡ [G0 × Zkl]/Zl,
where G0 is a subgroup ofG and Zl is a ommon disrete subgroup ofG0 and U(1) as explained
in [10, 11℄. The rst symmetry breaking happens when theN = 0 deformation mass parameter
m vanishes. Then, the theory has solitoni monopoles whih should ll representations of Gv0 ,
the dual group of G0. The seond symmetry breaking happens when m > 0. Sine in this
phase Π1(G/Gφ) = Zk, there exist Zk strings or ux tubes. Moreover, sine the U(1) fator is
broken, the monopole magneti lines in this U(1) diretion an no longer spread radially over
spae. However, sine the monopole magneti ux is an integer multiple of the fundamental
Zk string ux, these lines an form Zk strings and monopoles beome onned.
It is interesting to note that, when k = 2, the omplex salar φ whih produes the seond
symmetry breaking that allows the existene of Zk strings is in the same representation as that
of a diquark ondensate. One then ould think of φ as being itself this diquark ondensate, and
therefore we would have a situation quite similar to the one in an ordinary superondutor,
desribed by the Abelian Higgs theory with the salar being a Cooper pair. In addition, if the
gauge group is SU(N), the salar in the adjoint representation of the vetor supermultiplet
ould also be thought to be a quark-antiquark ondensate. These two kinds of ondensates
are indeed expeted to exist in the olor superonduting phase of (dense) QCD at the weak
oupling [19, 20℄. The eetive theory desribing these ondensates is not well known. It
should be a SU(3) Yang-Mills-Higgs theory with some salars in olor sextet and olor otet
representations. Therefore, one ould think that the theory used in [10, 11℄ or in the present
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paper, when the gauge group is G = SU(3), as been a toy model for an eetive theory of
these ondensates. Then, one an onlude that the eetive theory for these ondensates
ould have monopoles, ux tubes, and monopole onnement, depending on the form of the
potential.
Although the monopoles in [11℄ should ll representations of the non-Abelian group Gv0 ,
monopole onnement happened through ux tubes in a U(1) diretion inside the non-Abelian
group G. The motivation of the present paper is to onsider monopole onnement through
the formation of ux tubes due to breaking of the full non-Abelian group G, although in the
present ase (stable) monopoles are not expeted to ll representations of non-Abelian groups.
In order to do that, we shall onsider the bosoni part of N = 4 SYM theory in the weak
oupling regime and add some N = 2, N = 1, or N = 0 deformation mass terms. These SYM
theories are usually denoted by N = 2∗, N = 1∗, and N = 0∗, respetively. In [3, 6℄ was
pointed out that the N = 1∗ theory should have a weakly oupled Higgs phase with magneti
ux tubes and this phase should be dual to a strongly oupled onning phase in the dual
theory. One of the aims of the present paper is to analyze some properties of these magneti
ux tubes. In setion 2, we obtain the lower bound for the string tension and orresponding
Bogomol'nyi-Prasad-Sommereld (BPS) string onditions for a Yang-Mills theory with three
omplex salars in the adjoint representation. Then, in setion 3, we analyze the possible
vauum solutions and orresponding gauge symmetry breaking whih happen depending on
the mass deformation terms whih are added to the N = 4 super Yang-Mills theory. We show
that in this theory there are vauum solutions whih produe the spontaneous symmetry
breaking,
G → U(1)r → CG,
where r is the rank of G and CG its enter. The rst symmetry breaking happens in the
N = 4 and N = 2∗ theories. Then, the seond symmetry breaking happens when one adds
to the N = 2∗ theory an N = 1 or an N = 0 deformation term (or both). In setion 4, we
analyze the Coulomb or free-monopole phase whih ours in the rst symmetry breaking.
In this phase there are BPS monopole solutions. In setion 5, we analyze the Higgs or olor
superonduting phase whih ours when the seond symmetry breaking happens. In this
phase the monopoles hromomagneti lines annot spread out radially over spae. However,
sine in this phase
Π1(G/CG) = CG,
when CG is nontrivial, these ux lines an form topologially nontrivial ZN strings. We then
onstrut the ZN string ansatz. Some ZN string solutions have been onsidered in [21℄ for
dierent SU(N) gauge theories. We show that the ux of the magneti monopoles an be
expressed as an integer linear ombination of the string uxes. Therefore, in the Higgs phase
the monopole magneti lines an form ZN strings and the monopole an beome onned, as in
[11℄. We then obtain for the monopole-antimonopole system a bound for the threshold length
for the string-breaking. In setion 6 we onsider G = SU(N) and analyze how the monopole
magneti ux ould be onsidered to be formed by a set of a string and an antistring in the
fundamental representation. For the SU(3) gauge group we show that, besides the monopoles-
antimonopole system, the monopoles with strings attahed ould form a onning system with
three dierent monopoles. In setion 7, we show that the BPS string tensions satisfy the
Casimir saling law.
3
2 String BPS onditions
Let us start with a Yang-Mills-Higgs theory with three omplex salars φs, s = 1, 2, 3, in the
adjoint representation of an arbitrary gauge group G whih we shall onsider to be simple,
onneted, and simply onneted. Let φs = Ms + iNs where Ms and Ns are real salars and
pseudo-salars, respetively. Let us onsider the Lagrangian
L = −1
4
GaµνG
µν
a +
1
2
(Dµφ
∗
s)a (D
µφs)a − V
where V is for the moment an arbitrary positive potential. In [10℄, a theory was onsidered
with a omplex salar in the adjoint and another omplex salar initially in an arbitrary
representation, and the non-Abelian string BPS onditions for an arbitrary gauge group were
obtained. Let us repeat this proedure for the ase with three salars in the adjoint. Let
Dµ = ∂µ + ieWµ, D± = D1 ± iD2, and Bi = −εijkGjk/2 is the non-Abelian magneti eld.
Let us onsider a stati onguration with ylindrial symmetry and not depending on x3.
Then, generalizing the Bogomol'nyi proedure [22℄, we obtain that the string tension T must
satisfy
T =
∫
d2x
{
1
2
[
(Eia)
2 + (Bia)
2 +
∣∣(Dµφs)a∣∣2]+ V }
≥
∫
d2x
{
1
2
[
|(D∓φs)a|2 + (B3a)2 ± e (φ∗sbifabcφsc)B3a
]
+ V
}
≥
∫
d2x
{
1
2
(B3a)
2 ± daB3a ±XaB3a + V
}
=
∫
d2x
{
1
2
[B3a ± da]2 ±XaB3a − 1
2
(da)
2 + V
}
,
where
da ≡ e
2
(φ∗sbifabcφsc)−Xa, (1)
and the quantity Xa is a real salar whih transforms in the adjoint representation. We ould
onsider that
Xa =
e
2
[mNsIm (φsa) +mMsRe (φsa) + cδa,0] ,
where mNs , mMs and c are real mass parameters and the last term ould only exist if G
ontains a U(1) fator generated by T0 (and therefore G would not be simple). If
V ≥ 1
2
(da)
2 , (2)
it follows that
T ≥ ±
∫
d2xXaB3a . (3)
Sine T ≥ 0, we take the upper (lower) sign if the above integral is positive (negative). The
equality happens when
B3a = ∓da, (4)
D∓φs = 0, (5)
V − 1
2
(da)
2 = 0, (6)
Eia = B1a = B2a = D0φs = D3φs = 0, (7)
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and we reover the non-Abelian string BPS onditions in [10℄ for the partiular ase in whih
all salars are in the adjoint. As in [10℄, for simpliity we shall onsider that mM3 ould be
the only nonvanishing mass parameter in Xa and we shall rename it m. Note that if we had
hosen to set that only mN3 6= 0, then Xa would allow a nonvanishing pseudosalar vauum
solution whih would result in the magneti harge of the monopole and the ux of the string
being Lorentz salars and not pseudosalars as usual. Moreover, we shall onsider G to be
simple sine we are interested in string solutions assoiated with the breaking of a non-Abelian
group and not due to the breaking of U(1) fators. Hene Xa does not have the term cδa,0.
Threfore, we shall onsider
Xa =
em
2
Im (φ3a) .
We shall onsider the potential
V =
1
2
[
(da)
2 + f †safsa
]
, (8)
with da given by Eq. (1) and
f1 ≡ 1
2
(e [φ3, φ1]− µφ1) ,
f2 ≡ 1
2
(e [φ3, φ2] + µφ2) , (9)
f3 ≡ 1
2
(e [φ1, φ2]− µ3φ3) .
This potential fullls ondition (2). For this potential, the BPS ondition (6) is equivalent to
the ondition
fs = 0, s = 1, 2, 3 .
This is the potential of the bosoni part of N = 4 SYM theory with some mass term defor-
mations whih break ompletely the supersymmetry. If we set m = 0, N = 1 supersymmetry
is restored and we obtain the potential onsidered in [3℄. If further µ3 = 0, we reover the
potential of N = 2 with a massive hypermultiplet in the adjoint representation. Finally, if
also µ = 0, we obtain N = 4. As usual, we shall denote by N = 2∗, N = 1∗, and N = 0∗ to
the theories whih are obtained by adding deformation mass terms to N = 4 SYM theory.
Note that the term Xa is neessary if one wants to have a BPS string whih is not tension-
less. Therefore this term generalizes the rle of Fayet-Iliopolous terms in theories with U(1)
fators by giving tension to the BPS string. However, Xa in general breaks supersymmetry.
3 Phases of the theory
The vaua of the theory are solutions of
Gµν = Dµφs = V = 0 . (10)
The ondition V (φs) = 0 is equivalent to
da = 0 = fsa . (11)
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We shall only onsider the theory in the weak oupling regime, and therefore we shall not
onsider the quantum orretions to the potential. We are looking for vauum solutions whih
produe the symmetry breaking
G → U(1)r → CG,
where r is the rank of G and CG its enter. For the rst phase transition magneti monopoles
will appear. Then, in the seond phase transition magneti ux tubes or strings (if CG is
non-trivial) will appear and the monopoles will beome onned. In order to produe this
symmetry breaking we shall look for vauum solutions of the form
φva1 = a1T+ ,
φva2 = a2T− , (12)
φva3 = a3T3 ,
Wvaµ = 0 ,
where a1 and a2 are omplex onstants, a3 is a real onstant, and
T3 = δ ·H , δ ≡
r∑
i=1
2λi
α2i
=
1
2
∑
α>0
2α
α2
,
T± =
r∑
i=1
√
ciE±αi ,
with αi and λi being simple roots and fundamental weights, respetively, and
ci ≡
r∑
j=1
(
K−1
)
ij
,
with Kij = 2αi · αj/α2j being the Cartan matrix. The generators T±, T3 form the so alled
prinipal SU(2) subalgebra of G. The vauum onguration φva3 breaks G into U(1)
r
and
then φva1 or φ
va
2 breaks it further to CG. Note that this is not the only possible vauum
onguration whih produe the above symmetry breaking. However, in this paper we shall
restrit ourselves to analyzing this onguration. We shall adopt the onventions
[Hi, Eα] = α
iEα,
[Eα,E−α] =
2α
α2
·H,
where the upper index in αi means the i omponent of the root α. Let
αvi ≡
2αi
α2i
, λvi ≡
2λi
α2i
,
be the simple oroots
2
and fundamental oweights, respetively. Then using the relations
λvj = α
v
i
(
K−1
)
ij
,
λvi · αj = δij ,
2
In this paper the denition of α
v
i diers from the one adopted in [10℄ and [11℄ by a fator of 2.
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we obtain from the vauum equations d = 0 = fs, that(
a3 − µ
e
)
ai = 0 , for i = 1, 2 ,
a1a2 =
µ3a3
e
,
ma3 = |a2|2 − |a1|2 .
Independently of the values of the mass parameters, this system always has the trivial
solution a1 = a2 = a3 = 0, whih orresponds to the vauum in whih the G is unbroken. Let
us analyze other possible vauum solutions in whih G is broken.
From this system we an onlude that if µ = 0, there exist nonvanishing solution only if
µ3 = 0 = m, whih means that we reover N = 4 SYM theory. In this ase, a1 = 0 = a2 and
a3 an be arbitrary whih implies that G is broken to U(1)
r
if a3 is nonvanishing. But then
if we add an N = 1 or N = 0 deformation to the N = 4 potential, by onsidering either µ3
or m nonvanishing, then the only solution is the trivial a1 = a2 = a3 = 0 and G returns to be
unbroken. Therefore monopole onnement does not happen when µ = 0, at least for vauum
ongurations suh as Eq. (12).
For the N = 2∗ theory, in whih µ 6= 0 and µ3 = 0 = m, the situation is as in the N = 4
ase, with the solution a1 = 0 = a2 and a3 arbitrary, whih results in G broken to U(1)
r
for
a3 6= 0. Let us analyze the vauum solutions when we add deformation terms to N = 2∗
i) Adding the N = 1 deformation term (µ 6= 0, µ3 6= 0, and m = 0).
In this ase, there are non trivial solutions satisfying
a3 =
µ
e
,
a1a2 =
µ3µ
e
,
|a1|2 = |a2|2,
whih results in a vauum whih breaks G → CG.
ii) Adding the N = 0 deformation term (µ 6= 0, µ3 = 0, and m 6= 0 ).
If µ3 = 0, then either a1 = 0 or a2 = 0. We shall take a1 = 0. Then, there are two possible
situations:
• mµ < 0⇒ If we onsider a2 6= 0, then a3 = µ/e whih would imply |a2|2 < 0. Therefore
in this ase, we must have a2 = 0 = a3 and G remains unbroken.
• mµ > 0 ⇒ In this ase there is the nontrivial solution
a3 =
µ
e
, (13)
|a2|2 = mµ
e
, (14)
whih also results in a vauum whih breaks G → CG.
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iii) Adding the N = 1 and N = 0 deformation terms (µ 6= 0, µ3 6= 0 6= m).
In this ase there are nontrivial solutions with
a3 =
µ
e
and a1 and a2 satisfying
a1a2 =
µ3µ
e
,
mµ
e
= |a2|2 − |a1|2 .
One more G is broken to CG.
In summary, in the N = 4 and N = 2∗ theory, the gauge group G an be broken to U(1)r
whih orresponds to the Coulomb phase. If we add to N = 2∗ a N = 1 or N = 0 deformation
(or both), the gauge group an be further broken to CG, whih gives rise to the Higgs or olor
superonduting phase. Let us analyze eah of these phases in the next setions.
4 Coulomb phase
In this phase G is broken to U(1)r and there exist solitoni monopole solutions. As we have
seen, this phase an only our for the N = 4 and N = 2∗ ases. That ould happen, for
example, for energy sales in whih one an onsider µ3 = 0 = m. In this phase a1 = 0 = a2
and a3 6= 0. In priniple a3 is an arbitrary nonvanishing onstant. However, we shall x
a3 =
µ
e
in order to have the same value as in the Higgs phase. The vauum solution φva3 singles
out a partiular U(1) diretion whih we all U(1)δ . Sine for any root α, δ · α 6= 0, we an
onstrut a monopole solution for eah root α. The asymptoti eld onguration for the
monopole assoiated to the root α an be written as [23℄
φ3(θ, ϕ) = gα(θ, ϕ)φ
va
3 gα(θ, ϕ)
−1 = a3gα(θ, ϕ)δ ·Hgα(θ, ϕ)−1 ,
Bi(θ, ϕ) =
ri
er2
gα(θ, ϕ)T
α
3 gα(θ, ϕ)
−1 , (15)
φ1(θ, ϕ) = φ2(θ, ϕ) = 0 ,
where
gα(θ, ϕ) = exp(iϕT
α
3 ) exp(iθT
α
2 ) exp(−iϕTα3 ) ,
with the SU(2) generators
Tα1 =
Eα + Eα
2
, Tα2 =
Eα − E−α
2i
, Tα3 =
1
2
αv ·H.
The assoiated monopole magneti harge is
g ≡ 1|φva3 |
∮
dSlTr [Re (φ3)Bl] =
2pi
e
δ · αv
|δ| , (16)
8
with
δ2 =
hv (hv + 1) r
24
,
where hv is the dual Coxeter number of G. Clearly g is equal to the monopole magneti ux in
the U(1)δ diretion, Φmon. It is also onvenient to dene magneti uxes assoiated to eah
U(1) fator of the unbroken group U(1)r. As explained in [24℄, in the sphere with r →∞, the
little group of φ3(θ, ϕ) varies within G by onjugation with the gauge transformations gα(θ, ϕ).
Therefore the magneti ux assoiated with the Cartan generator λvi ·H, i = 1, 2, ..., r, an
be dened as
Φ
(i)
mon
≡
∮
dS
l
Tr
[
gα(θ, ϕ)λ
v
i ·Hgα(θ, ϕ)−1Bl
]
=
2pi
e
λvi · αv , (17)
whih are topologially onserved harges [25℄.
These are BPS monopoles with masses given by the entral harge of the N = 2 algebra
[26, 2℄. For monopoles with vanishing fermion number, their masses are M
mon
= |g||φva3 |.
Not all of these monopoles are stable. The stable or fundamental are the ones with lightest
masses [25℄. For the present symmetry breaking, the fundamental monopoles are assoiated
with the simple roots for the simple-laed algebras or to the long simple roots for the non-
simply-laed ones. Their masses are
ML
mon
=
2pi
e|δ| |φ
va
3 |. (18)
Note that, sine G is ompletely broken to U(1)r, dierently from [11℄, here the stable
monopoles do not ll representations of a non-Abelian unbroken group.
5 Higgs or olor superonduting phase
In the Higgs or olor superonduting phase, G is broken to its enter CG. That an happen
when N = 2∗ is broken by a N = 1 or N = 0 deformation term (or both). In this phase, the
monopole hromomagneti ux lines annot spread out radially over spae. A phenomenon
like that is expeted to happen in the interior of very dense neutron stars [19℄. However, sine
for simply onneted G
Π1 (G/CG) = CG. (19)
If CG = ZN , these ux lines an form topologially nontrivial ZN strings. Then, the monopoles
of N = 2∗ beome onned in this phase, as we shall show below.
In order to have nite string tension, these string solution must satisfy the vauum equa-
tions asymptotially, whih implies that
φs(ϕ, ρ→∞) = g(ϕ)φvas g(ϕ)−1,
WI(ϕ, ρ→∞) = g(ϕ)WvaI g(ϕ)−1 −
1
ie
(∂Ig(ϕ)) g(ϕ)
−1,
where ρ is the radial oordinate and apital Latin letters I, J denote the oordinates 1 and 2;
φvas and W
va
I are given by Eq. (12) and g(ϕ) ∈ G. In order for the eld onguration to
be single valued, g(ϕ+ 2pi)g(ϕ)−1 ∈ CG. Considering
g(ϕ) = exp iϕM ,
9
then exp 2piiM ∈ CG. That implies that M must be diagonalizable and we shall onsider that
M = ω ·H.
Then, in order to exp 2piiω ·H ∈ CG,
ω =
r∑
i=1
liλ
v
i ,
where li are integer numbers; that is, ω must be a vetor in the oweight lattie of G, whih has
the fundamental oweights λvi as basis vetors, and is equivalent to the weight lattie Λw
(
G˜v
)
of the overing group of the dual group G˜v [27℄. In priniple, we ould have other possibilities
for M like some ombinations of step operators, whih however we shall not disuss here.
With the above hoie for g(ϕ), the asymptoti string onguration an be written as
φs(ϕ, ρ→∞) = eiϕω·Hφvas e−iϕω·H , (20)
WI(ϕ, ρ→∞) = εIJx
J
eρ2
ω ·H , I = 1, 2. (21)
Note that not all of these strings are neessarily stable.
We an onsider the string ansatz
φ1 (ϕ, ρ) = e
iϕω·H
r∑
i=1
(
f i1(ρ)Eαi
)
e−iϕω·H =
r∑
i=1
eiϕω·αif i1(ρ)Eαi ,
φ2 (ϕ, ρ) = e
iϕω·H
r∑
i=1
(
f i2(ρ)E−αi
)
e−iϕω·H =
r∑
i=1
e−iϕω·αif i2(ρ)E−αi ,
φ3 (ϕ, ρ) = e
iϕω·H
r∑
i=1
(
f i3(ρ)λ
v
i ·H
)
e−iϕω·H =
r∑
i=1
f i3(ρ)λ
v
i ·H,
WI (ϕ, ρ) =
εIJx
I
e
r∑
i=1
gi(ρ)λ
v
i ·H,
W0 (ϕ, ρ) = 0 =W3 (ϕ, ρ) ,
whih results that
B3 (ϕ, ρ) =
1
eρ2
r∑
i=1
λvi ·H
∂gi (ρ)
∂ρ
.
These funtions must satisfy the boundary ondition
f in(ρ→∞) = an
√
ci , for n = 1, 2 ,
f i3(ρ→∞) = a3 ,
gi(ρ→∞) = li ,
for i = 1, ..., r, in order to reover the asymptoti onguration (20), (21) and
f in(ρ = 0) = 0, for n = 1, 2 and i suh that ω · αi = li 6= 0 ,
gi(ρ = 0) = 0, for i = 1, ..., r ,
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in order to eliminate the singularities at ρ = 0. One an put the ansatz in the BPS onditions
(4)-(7) and obtain rst order dierential equations similar to the ones in [10℄. Otherwise one
an put in the equations of motion for the non-BPS ases. As in [10℄, the BPS onditions
are onsistent with the equations of motion only when m vanishes. However, in the ase in
whih N = 2∗ is broken by an N = 0 deformation, we must take the limit m→ 0 in order to
maintain the symmetry breaking G → CG, similarly to the Prassard-Sommerfeld limit [28℄
for the BPS monopole.
As in [21℄ we shall onsider that φ3 is onstant and equal to its asymptoti value; i. e.,
φ3 (ϕ, ρ) =
µ
e
T3. (22)
For the BPS string, using the above ansatz and boundary onditions, one obtains Eq. (22)
diretly from the BPS ondition D∓φ3 = 0, whih implies that f
i
3(ρ) = onst = a3 = µ/e.
Hene the lower bound for the string tension given by Eq. (3), for X = emRe(φ3)/2, an be
written as
T ≥ me
2
∣∣φva3 ∣∣ |Φ
st
| = mµ
2
|δ| |Φ
st
| (23)
where
Φ
st
≡ 1|φva3 |
∫
d2xTr (Re (φ3)B3) =
−e
µ |δ|
∮
dlITr (Re (φ3)WI) =
2pi
e
δ · ω
|δ| (24)
is the string ux in the U(1)δ diretion. The bound in Eq. (23) holds for the BPS strings. For
the ase of N = 2∗ broken by an N = 0 deformation, the limit m → 0 would imply T → 0.
Then, if one wants to have a BPS string with nite T , one should also take µ→∞, similarly
to the ase of the BPS Zk strings in [10℄. A similar limit was onsidered in [5, 9℄. That is
exatly like the London limit in the Abelian Higgs theory desribing superondutors where
one takes to innity the mass of the salar. On the other hand, when N = 2∗ is broken by
an N = 1 deformation (i.e. m = 0, µ 6= 0, and µ3 6= 0), from Eq. (23) we see that the BPS
string will be tensionless. The same happens in general for the BPS strings assoiated with a
oweight ω suh that δ · ω = 0, and therefore Φ
st
= 0.
Similarly to the monopole, we an dene string uxes assoiated with eah Cartan element
λvi ·H:
Φ
(i)
st
≡
∫
d2xTr
[
λvi ·H B3
]
=
2pi
e
λvi · ω . (25)
Therefore, from Eq. (24) or (25), we an onlude that the string uxes take values in
the oweight lattie of G. Let us now hek if the magneti uxes of the monopoles are
ompatible with the ones of the strings. Sine an arbitrary oroot αv an always be expanded
in the oweight basis as αv =
∑r
i=1 niλ
v
i where ni are integer numbers, one an onlude
that the magneti uxes (16) or (17) of the monopoles an in priniple be expressed as an
integer linear ombination of the string uxes (24) or (25). Therefore, in the Higgs phase, the
monopole magneti ux lines an no longer spread radially over the spae, sine G is broken
to the disrete group CG. However, they an form one or more ux tubes or strings, and
the monopoles an beome onned. We shall all this set of strings attahed to a monopole
as onning strings. This set of onning strings must have total ux given by Eq. (24)
or (25) with ω = αv. That means that this set of onning magneti strings belongs to
the trivial topologial setor of Π1(G/CG) sine exp 2piiα
v · H = 1 in G. The fat that the
set of onning strings must belong to the trivial setor is onsistent with the fat that the
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set is not topologially stable and therefore an terminate at some point. However, sine it
has a nonvanishing ux, it must terminate in a magneti soure; i. e., a monopole. It is
important to stress the fat that a string onguration belonging to the topologial trivial
setor does not imply that its ux must vanish as we an see from Eq. (24). All these results
are generalizations of some well-known results for the Z2 string of SU(2) Yang-Mills-Higgs
theory, as explained in [29, 30℄. In this theory there are at least two omplex salars in the
adjoint representation whih produe the symmetry breaking SU(2) → U(1) → Z2, similarly
to our ase. In the Higgs phase, string ongurations an in priniple exist with ux 2pin/e
for any integer n, although only the ones with n = ±1 are topologially stable. The ones
with odd n belong to the topologially nontrivial setor while the ones with even n belong
to the trivial setor. Therefore string ongurations belonging to the same topologial setor
do not have neessarily the same ux and therefore are not related by (nonsingular) gauge
transformations [29, 31℄. The string onguration with n = 2, belonging to the trivial setor
and whih an be formed by two strings with n = 1, is the one whih an terminate in the
't Hooft-Polyakov monopole with magneti harge g = 4pi/e and an produe the monopole-
antimonopole onnement [32℄. In more algebrai terms one an say that this set of integer
numbers n forms the oweight lattie Λ
w
of SU(2), the subset of even numbers 2n form the
SU(2) oroot lattie Λ
r
, and the quotient Λ
w
/Λ
r
≃ Z2 orresponds to the enter of SU(2).
Therefore this quotient has two elements whih are represented by the osets Λ
r
and 1 + Λ
r
.
Eah oset orresponds to a string topologial setor, with Λ
r
been the trivial one. These
results also holds for an arbitrary group G, where [27℄
CG ≃
Λ
w
(
G˜v
)
Λ
r
(Gv)
, (26)
with Λ
r
(Gv) been the root lattie of the dual group Gv or, equivalently, the oroot lattie
of G, whih has the simple oroots αvi as basis vetors. If the order of CG is N , then this
quotient an be represented by the N osets
Λ
r
(Gv) and λv
i,min
+ Λ
r
(Gv), (27)
where λv
i,min
are the minimal fundamental oweights of G. A fundamental oweight is minimal
if
λv
i,min
· ψ = 1,
where ψ is the highest root and there exist exatly (N − 1) of them. The minimal oweights
λv
i,min
are assoiated with a speial outer automorphism of the extended Dynkin diagrams
[33℄. For SU(N), all fundamental weights λi are minimal.
From Eqs. (19) and (26) it implies that
Π1(G/CG) =
Λ
w
(
G˜v
)
Λ
r
(Gv)
, (28)
and we an onlude that eah string topologial setors is assoiated with a oset in Eq. (27),
with Λ
r
(Gv) being the trivial topologial setor. It is important to note that for G = SU(N),
this result is equivalent to onsidering the string topologial setors to be assoiated with the
N -ality of the representations. However the above result holds for arbitrary G.
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Sine the onning string onguration linking a monopole to an antimonopole belongs
to the trivial topologial setor, it an break when it has enough energy to reate a new
monopole-antimonopole pair. As was done in [11℄, one an obtain a bound for the threshold
length dthfor the string breaking, using the relation
2ML
mon
= Eth = Tdth ≥ me
2
∣∣φva3 ∣∣ |Φ
st
| dth , (29)
where Eth is the string threshold energy and ML
mon
is the mass of the lightest monopoles,
given by Eq. (18). In the above relation we used the string bound given by Eq. (23) and
did not onsider a possible energy term proportional to the inverse of the monopole distane,
known as the Luher term. The modulus of the string ux, |Φ
st
|, must be equal to the modulus
of the magneti harges |g| of eah onned monopoles. Let us onsider that |g| = 2pi|δ ·βv|/|δ|
with βv being an arbitrary oroot. Therefore one an onlude from Eq. (29), using Eq. (18),
that
dth ≤ 4
me|δ · βv| .
6 Monopole onnement for SU(N) broken to ZN
Let us onsider G = SU(N). Sine SU(N) is simply laed, we do not need to distinguish
between weights and oweights, roots and oroots. We have seen that the magneti lines of a
given monopole with magneti harge g = 2piδ · αv/|δ| an form a set of ux tubes or strings.
However, there are ountless dierent string ongurations with this magneti ux. It is not
lear at the moment whih ould be the preferable one. The most eonomial sets would be
the ones formed by a strings and an antistring as we shall see below.
For SU(3), the quotient (26), whih is equivalent to CSU(3) = Z3, possesses three elements
whih an be represented by the osets Λ
r
(SU(3)), λ1 + Λr(SU(3)) and λ2 + Λr(SU(3)).
One an, for example, onstrut string solutions assoiated with eah of the three weights
λ1, λ1 − α1, λ1 − α1 − α2 of the fundamental representation. Sine all of them belong to the
oset λ1 +Λr, these string solutions belong to the same topologial setor. However, one an
observe from Eq. (24) that they do not have the same ux Φ
st
, similarly to the Z2 strings of
SU(2) theory. Therefore these string solutions are not related by gauge transformations sine
Φ
st
is gauge invariant. One an onstrut the orresponding antistring solutions assoiated
with the negative of these weights, whih form the omplex-onjugated representation 3 and
whih belong to the oset λ2 +Λr. The magneti uxes of the monopoles assoiated with the
six nonvanishing roots of SU(3) an easily be written using these strings in the following way:
for the monopole α1 we an attah the strings λ1 and −λ1 + α1. For the monopole α2 we
an attah strings λ1 − α1 and −λ1 + α1 + α2. For the monopole α1 + α2 we an attah the
strings λ1 and −λ1 + α1 + α2. And similarly for the other three monopoles assoiated with
the negative roots, just hanging the signs. The remaining three ombinations of strings and
antistring have vanishing uxes Φ
(i)
st
.
One ould draw the above set of strings attahed to monopoles as shown in Fig.1, where
the irles represent the monopoles and the arrows are the string ux Φ
(i)
st
. We represented
the strings assoiated with weights in the fundamental representation by an arrow going out
of the monopole and for the antistrings we reversed the sense of the arrow and simultaneously
hanged the sign of the weight. Then, in addition to the monopole-antimonopole pairs one
ould also onjeture about the formation of a onned system with the monopoles α1, α2
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and −α1 − α2 as shown in Fig. 2. Note that sine these monopoles are not expeted to ll
the three dimensional fundamental representation of SU(3), that system is not exatly like
a baryon. With this onguration of monopoles with strings attahed, one ould also think
of putting one string in the north pole and the on the other in the south pole, forming a
onguration similar to the bead desribed in [31℄.
In priniple one ould also think of attahing to the monopole α1 the strings 2λ1 and
−2λ1+α1 whih belong to the six-dimensional symmetri tensor representation and its omplex
onjugate. However, one an onlude diretly from the expression for the uxes and string
tension that, in the BPS ase, the string 2λ1 an deay in two strings λ1 and the string
−2λ1 +α1 an deay in the strings −λ1 and −λ1 + α1. A similar result has been onjetured
in some dierent theories [6, 16, 13℄.
One an easily extend the above onstrution of strings attahed to monopoles to the
SU(N) ase. In this ase the quotient (26) has N elements whih an be represented by the
osets
Λ
r
(SU(N)) and λi + Λr(SU(N)), i = 1, 2, ... , N − 1.
The representation orresponding to the fundamental weight λk an be obtained by the an-
tisymmetri tensor produt of k fundamental representations assoiated with λ1. One more
one an onsider the strings assoiated with the weights of the fundamental N dimensional
representation,
λ1 and λ1 −
l∑
j=1
αj , l = 1, 2, ..., N − 1,
whih belong to the λ1 + Λr(SU(N)) oset, and with the negative of these weights whih
form the omplex-onjugated representation N , whih belongs to the λN−1 + Λr(SU(N))
oset. Sine N ×N = adj+ 1, one an write the uxes of monopoles (not all of them stable)
assoiated with the N(N − 1) nonvanishing roots, in terms of a string and an antistring. For
example for the monopole assoiated with the SU(N) root αp + αp+1 + · · ·+ αp+q one ould
attah strings assoiated with the weights λ1−α1−α2−· · ·−αp−1 and −λ1+α1+ · · ·+αp+q.
As for the SU(3) ase, one ould in priniple form a onning onguration formed by the
monopoles assoiated with the N − 1 simple roots αi and the negative of the highest root
−α1 − α2 − · · · − αN−1.
Sine, for SU(N), λN−k = −λk + β, where β ∈ Λr(SU(N)), eah weight in the oset
λN−k + Λr(SU(N)) is the negative of a weight in λk + Λr(SU(N)), and therefore the bound
of a string tension, given by Eq. (23), assoiated with a weight in λk +Λr(SU(N)) should be
equal to the one assoiated with the negative weight in λN−k + Λr(SU(N)).
7 String tension and Casimir saling law
The string tension is one of the main quantities to be determined in quark onnement in QCD.
In these last 20 years quite a lot of work has been done trying to determine this quantity.
There are mainly two onjetures for the string tension: the Casimir saling law [34℄ and the
sine law [4℄. In these two onjetures the gauge group G = SU(N) is onsidered and a string
in the representation assoiated with the fundamental weight λk whih an be obtained by
the antisymmetri tensor produt of k fundamental representations assoiated with λ1. For
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the Casimir saling onjeture, the string tension should satisfy
Tk = T1
k(N − k)
N − 1 , k = 1, 2, ..., N − 1, (30)
where T1 would be the string tension in the λ1 fundamental representation. On the other
hand, for the sine law onjeture,
Tk = T1
sin
(
pik
N
)
sin
(
pi
N
) , k = 1, 2, ..., N − 1.
There are some papers [5, 6, 14, 35℄ using dierent approahes like MQCD, AdS/CFT, et.,
giving some support to this last onjeture. On the other hand, several lattie studies [36℄
have appeared in the literature in the last years giving support to both onjetures.
All these onjetures are onerned with the hromoeletri strings. However, as we men-
tioned in the introdution, one expets that hromomagneti strings ould be related to hro-
moeletri strings by a duality transformation. Therefore one ould ask if the tensions of our
hromomagneti strings satisfy one of the two onjetures.
Let us start with a general gauge group G. From Eqs. (23) and (24), we obtain that the
string tension satises the bound
Tω ≥ mµpi
e
|δ · ω| ,
where ω must belong to one of the osets (27). Let
ω = λvk − βω,
where λvk is a minimal fundamental oweight and βω ∈ Λr(Gv). Remembering that λvk is
a fundamental weight of G˜v and the quadrati Casimir assoiated with this fundamental
representation is
C(λvk ) = λ
v
k ·
(
λvk + 2δ
)
,
it follows that
Tω ≥ mµpi
e
∣∣∣∣12 [C(λvk )− λvk · λvk ]− δ · βω
∣∣∣∣ . (31)
Clearly for a string onguration in the trivial topologial setor, i.e. ω = −βω ∈ Λr(Gv), the
above string tension bound does not have the rst term.
Let us now onsider G = SU(N). The quadrati Casimir assoiated with the representa-
tion with fundamental weight λk is
C(λk) =
N2 − 1
2N
[
k (N − k)
N − 1
]
.
Moreover,
λk = e1 + e2 + · · · + ek − k
N
N∑
j=1
ej ,
where ei · ej = δi,j . Therefore
λk · λk = k (N − k)
N
.
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Hene, for SU(N),
Tλk−βω ≥
mµpi
e
∣∣∣∣∣12
(
(N − 1)2
2N
k (N − k)
N − 1
)
− δ · βω
∣∣∣∣∣ (32)
Therefore the rst term on the right-hand-side of this inequality or, equivalently, the BPS
string tension assoiated with ω = λk an be written as
T BPSλk = T
BPS
λ1
k (N − k)
N − 1 , k = 1, 2, ..., N − 1, (33)
where
T BPSλ1 =
mµpi
2e
(N − 1)2
2N
is the BPS string tension assoiated with ω = λ1. Hene we expliitly showed that the BPS
string tensions assoiated with an arbitrary SU(N) fundamental weight λk satisfy the Casimir
saling onjeture, given by Eq. (30). However, in the Casimir saling law onjeture (and
also in the sine law onjeture), it is believed that the string tension should be the same for
all weights in a given topologial setor. But from Eq. (31) or (32), we an see that the
rst term depends only on the oset or topologial setor but the seond term is proportional
to δ · βω and therefore depends expliitly on whih weight is being onsidered. As we have
seen, that result is exatly like the SU(2) ase, where the strings in a given topologial setor
(i.e., n even or odd) do not have same magneti ux and onsequently string tension. On
the other, hand only the strings with n = ±1 are stable and satisfy Eq. (33). As we have
mentioned before, not all of the strings assoiated with weights in a given oset are expeted
to be stable. Therefore, it would be interesting to determine the stability onditions for these
string solutions, similarly to what was done for the BPS monopoles [25℄ and BPS U(1) string
solutions [37℄.
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